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' The generic, qualitative, local behavior of center-of-light curves near folds and 

cusps are studied. The results apply to any finite number of lens planes. 
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1 Center-of-Light Curves 

Let J7 : P ^ S* be a fc-plane lensing map, where P is an open subset of the first lens 
(^T^ ' plane and S the light source plane. We define the center-of-light of a light source 

CN i at y e S* by: 

^' ExE77-i(y) Mag(x;y)x 

Oxci y = ^ — — ^, (1 
_^ • Sxer/-i(y) Mag(x;y) 

' where Mag(x;y) = 1/| det[Jacr7](x)| is the magnification of the lensed image x 

, of y. Suppose that the light source at y moves along a path y{t). Then the 

0^' shifted center-of-light curve relative to the source's trajectory is defined by Xci(t) = 

Xci(y(i)) ~ y(0- It is an important fact that locally stable fc-plane lensing maps rj 
^ ' are generic and each is differentiably equivalent about everv. critical point to either 

, a Whitney fold or cusp (Fetters, Levine & Wambsganss II) . Whitney folds and 

^ ' cusps can then be used to study the generic, qualitative, local behavior of Xd. 

A Whitney fold is a mapping rjp : R^ R^ of the form 17^ (u, v) = (u, v^). Let 
■ (si, S2) denote rectangular coordinates on the target space of r/p. The critical curve 

I^S , of r/p is the u-axis, while the caustic is the si-axis. For a light source at position 

C3 ■ s = (si, S2), we have t/~1(s) = for S2 < and r]^^{s) = {(si, ^^2), (si, -V^)} 

for S2 > 0. The lensed images have magnification Mag((si, iy^); s) — l/(2y^). 
By (]l|), there is no center-of-light at s for S2 < 0, while for S2 > we have Xci(s) = 
(si,0). In other words, the center-of-light follows moves along the the critical curve 
(Fig. |l|). Suppose that the source follows a straight line s{t) = texp{0o), where 
—00 < t < 00 and ^0 is fixed with < 9o < 27r. Without loss of generality, assume 
that the s{t) is transverse to the caustic curve. Then Xci(t) moves along the v axis, 
i.e., Xci(t) = (0, S2(t)) for < t < 00 and Xci(t) has no values for —00 < t < 0. 

A Whitney cusp (or pleat) is a mapping rjp : R^ R^ of the form r]p (u, v) = 
(u, — uv -t- v^). The critical curve is a parabola, u — 3v^, while the caustic is 
the cusped curve C(si,S2) = — (si/3)'^ -f- (s2/2)^ = with the origin a positive 
cusp. Outside the caustic curve (i.e., the region determined by C{si,S2) > 0), 
a light source at s = (si,S2) has one lensed image, namely, (si, v(si, S2)), where 
v(si,s2) = (S2/2 + v/C(si,S2))^/^ + (.S2/2 - VC^si,S2))i/3. The magnification is 
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Mag((si,v(si,S2));s) = l/(— si + 3v^(si,S2)), which is positive. For a source tra- 
jectory s{t) = (si(<), S2{t)) lying outside the caustic curve, the center-of-hght moves 
along Xci(t) — {si{t) , v{si{t) , S2{t))) (Fig. |l|). The shifted center-of-Hght curve rela- 
tive to s{t) is then given by Xci(t) = (0, v(si(i), S2(i)) — S2{t)), which moves along 
the v-axis. If the source moves along the negative si-axis in the direction towards 
the cusp at the origin, say, s{t) = (si(i),0) with si{t) < 0, then Xci(i) = (0,0) for 
all t with si{t) < 0. In other words, the shifted center of light is located at the cusp 
critical point (i.e., the point on the critical curve that is mapped to the cusp caustic 
point) and remains there as the source moves towards the cusp along {si(t),0). 
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Figure 1. Center-of-light curves for Whitney fold and cusp. 

The authors are preparing a thorough study of Xd and Xd near folds and cusps. 
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